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The set-up, the differential cross soection dets snd the mothematical
tecknique of the lead aphere integral experiment bear o close resemblanéa to
thelr ocounterparts in a criticalemass or multiplication~rate calculation. The
sucoessful integration of the nuclear properties of lead, 25 and 28 in this
problem gives us confidence in our ability to treat the more complex probvlem
of the gadget. The agreement between theory and expsriment is satisfactory.
The ratio R {definsd on pages 3 andl10) for the two dstectors 25 and 28 are

compared in the table below:

Raxp Riheor
28 1.36 1.40

25 1.77 1.93

APPROVED $FOE. .PUBLE C*FELEASE




APPROVED FOR PUBLI C RELEASE

°0®(

L L LI
o0 (
[ ]

e ®(

[ ]

L[]

0@

IE8D SPHERE INTEGRAL EXPERIVEWT

It is a long road from the weasuroment of diffsrential nuclear piopore
ties 4o a dotailed prediction of the behavior of nautréns in an sctual gedgst.
The accumulation of numerous errors, both experimental and theoretical, might
be feared to lead to large uncertainties in such a prediction. It is in this
light that the lead sphore‘integral experiment is particularly interesting;
the set-up itself, the differential date which must bo used and the nathemati-
cel problem, all boar a closc resomblence Lo their countorperts in & criticsl-
mass or multiplication-rate calculation. For exemple, the nuclear properties
which must be known include the fiassion spectrum, the transport and inslastic
cross sections in the lcad temper, the speotrum of inelastieally scattered
neutrons, and the fission cross sections in 25 and 28. The successful inte~
gration of all these date in the case of the leed sphsre expsriment gives some
feeling of confidence in our ability to treat the more comples problem of the
gedgot.

¥e shall briefly describe the expsrimental arrangsmontl). A thin
sphorical shell of 25 is bomborded with slow noutrons from o carbon pile. In
the center of tho 25 shell is pleced a 25 or 28 fission detector (shielded by
Cd and B). Immediately outside the 25 shell, the sphorical load tamper can be
snugly fitted. Counts of neutron flux are made with end without the tamper in

place. The ratio R of the two counts is then a messure of the reflection of

the tamper.

ol Woodward.

1
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Theory of the Experiment

let us consider the Boltzmenn transport equation for a stoedy state.
The loes in neutron density (n) per second for a .velocity ¥ dus to stresming
and total soattering (o) out of tho beam is compenseted by the elastic (o)

end inelastic (01) scattering and {rom the source §.

3 v *V'n =« o +Ioo () v'n (&) (an'/am)
" e (1)
.;J' 'Xi(E,E")d.Ej:v,"vfn(e')(d.Q’/‘&ﬁ) + {8/4m)
E = .

The primes label the neutron (v', 8') inelestically or elastianlly

scattered to velocity v, 6. Also ?('O(E,E') is the probability of a neutron

being inelsstically ccattered from energy E' to onergy E. Introduce

n{8) = w (0)elkr €08 6 gy ok, ny !wkd.n.; m, = fwk cos @ df\;

8§ = Sk eikrl"“
and lot us suppose that

oy (8) Ec,° <~.oa(1) cos &

Tken Eq. (1} becomes’

7o
Uegp. wye = =gV + v 0 ° (nk/é.-‘n) + ,.mse(l)(mk/én) 4! XidE'o;v'(n};/Ml) @)
’ 5 - 2
+ (5,/4%)
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A= Welhgggy

We have assumed spherical ascattering for the inelastic collisions.

Eq. (2)

Rewriting

{0 ¢ ikpw, = A + B

&

>
(1]

)
(v 0% ny +J

E
v céq(mk/4ﬁ)

X; 0} ¥' nl aB' + 8, )/an (3)

&
"

41
J2% ) A+ B
ay = fmoan=Z) 22 Tip A
-1

"
tf»
——

2R A g0 %3k B . g S * ik
:u::am e —— * =1

v {a.k oo T mE B oot o)
+1

& R.,e
co8 ed_ﬂ_z E.?.E M—dr\_
v S 4 1k,z. -

N§J
"
Gy
ag

=1 (5)

"
"
-3
;—1
™
B

] A o + ik Bo ' c + ik
&% ik = & fn - — (2 3k = o fn
v | (k)¢ e T Grys \© )

o -~ ik

Selving for n, from these equations, we get

ny = w~) a (pk/ik) (5)

where

-
¢+ ik\*

@ {2 ix -

65 2 ik O‘Q“'O‘mik

]

¢ CQ . { [« 3K 3 ik‘w
[l Y & o

el sy
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Transposing the first term on right and solving for ny.vo,
nvo = (Sk/dk) + (l/bk)~[q2(i a; v' ny dB'  where (8)
E A

(21K/F,0) = (0,%0) (8")

By differentiating both sides of Bq. (8) with respeet to E and inte-

grating the resulting difforential equetion, we get

E'
X %5 ap
» [@esp JB %

nYs T e | = dg'
k Ge | 2E'
B
BY 5 o, )
j }g 93 ap (¢
i ® af [} E kO'
= EE. .in .EE D4 g e ag’
G, G ' Mg
x G| O

Eq. (8) may also be solved by iteration:

(s +] ] L]

nﬁ:i#L xamﬁﬁ&mum“mm (10)
Gk Gk 1 o! GI‘S

The neutron flux given by Eq. (10) elearly separates into a first term
ooming directly from the scurce, a second term from single inelastic collisions,

a third term from double inelastic collisions, atec.

A simpler and perheps preferable exprsssion for Gy than that derived

above is
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G G i 9%

S'b - ik

where ¢ is the transport oross section. (This ecuation cen be formelly ob-

tained from Eg. {8') by sctting cg‘s 0 and chenging o into oy .) Three

rensons may be invoked: e) the actual elastic scetbering is more complicatcd

than tho assumed On & o‘eo + og) cos 8; b) for small 1-'/:!, the derived G, reduces

%0 whe form of Ea. (11)5 end ¢) {or larger k/o, che numerical work of Frankel
sné Welson (of. LA-53A) indicste that (11) and (B') agree quite well.

a%: the center of a spherical cavity the neubron flux reflacted by a

vempor (€ r £ 1) is
b rm
ninjv = {"o a(r)v ¢

8 B

ec‘ct (!“-a) dz

12
451 o (12)

Xi (E,E7) o} n'(r)v’ dE{}

Hero sgain for non-~spherical scattering tne trensport crosc section replscse

the totnl evoss section.

%s shall introduce an cortho-norpal set of funclions n(k_.r} defined in
. o3

the interval & £ »€b. The form of n{kr) assumed in the derivetion of the

Boltsmann equation was easentially @ HETR * 15. But the result for n, vo dons

not depend on the direction of k. The appropriate angle-indepsndent sphericel

solution for n(kr) becomes then

nik.r) s €, ain (kje + 8)
,'a J r

~~
[
(2]

s
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The conditions to be imposed are three:

b

(a) normalization, oz ™ n (kﬁr) ar
AL

=1

a

(b)irigﬂ:()forr:aand {(14)
Yol

(o) m (kjb?i) = 0O where b% =D + 27104 arctan{k y/og)

Oy (k:-/ctB

Thus bfi is the extrapolated end~point.

Condition {b) cen be proved to give the correct asympiotic phase of ths

solution far from the cavity by using the conservation theorem for a steady

state: neutrons crcated inside the madium leak thru the outside surface:

b
anrlo (A= 1) do,

+ of n(kr) 4% r% dr = 0
T =5 :

28

{147)
and 1 + £~ '.k_/c z
aratan Tk/-c

Substituting Eq. (13) in Bg. (15), we finally get

2 {cos (irm +6) oin (kr « 8)}
ai r L kr (kr )&

= 0 (14“ )

rea

or eguivalently

(an/dr), _ 4=0 .
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The n{kjr) given by Eq. (13) and (14) are not exact solutions of the

Boitzmann equation for a finite medium, but differ from the exact solution by

small terms which fall off exponentially from the boundaries. But since Eg.

(12) depends on an averago of the density over the whole region, the neglect

of such sdge corrections is not Yikely to be serious.

The allowable walue of kj detormined by (b) and (o) above sre obtained
freon

L. z o
kj 2 ont kj (bJ &) 1

(15)
We now expand n(r)vo or
n{r)vo = %nk,j vo n(kjr) (18)
The expression for nkjvc hes already boen given in Eq. (8),(9), or (10). The

source function S(r), an infinitely thin shell of total strength Q end lo-

eated at ™ is

b
6 o gt
S(r) = %%-—-(1;2—-?——— ox ¢ = S(r) dr (17)
[»]
Further
8{r) = L 8, n(kyr) end S, = (&/47) n (k") (18)
j 3 J J

.
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The basic Eg. (12) requires for its ecvaliuation but s single numerical integra-

tion over r and s summetion over j. The series is rapidly convergent. Three

terme gnve adequete accuracy.

The neutron ng(o)v flux which comes directly from the source is

-

ns(o)v = (f47c"2)

(39)
%he reflection coefficient Cqp for u single energy is ‘then
. _ n{o)v
bp 7 ng{o)v (20)

We atill have to average over the fission spectrum (dQ/dE) of the
gource and over the cross section of the detector d (either 25 or 28) to evalu-

ate the ratio of counts R with and without the temper in plecs.

_ ., J(a0/a) cp a(a)dE
R=1 J(a/6E) cT(d) dE (21)

Znporimaontal and Theorcetical Results

The lead tamper chosen by DeWire, Wilson, end Woodward for the expsrie

ment was 7" in outer, and 3" in inner radius. The 25 source was /4" %hick

and Yitted tightly inside the lcad.

“ho fission cross sections for 25 and 28 used in the calculation are

shown in Fig. 2. The ratio of ¢{25) averaged over the fission spectrum %o

o(28) average over the same spectrum is uscd in correcting the "25" foil to

pure 25. This value iz thooreticelly computed to be 4.7. The experimental
e eooo O .:. :.. =..
* e E E. ¢ % o
o o o P -
00 980 000 oo0 oo

Y XXX
[ ]
(XX 1
L J
[
L]
[ ]
°
[ ]
[
(Y X XX
L
0000
[ ]
L ]

APPROVED FtR PBUBLI




APPROVED FOR PUBLI C RELEASE

{

o o o ° P4 mmm'
:o. :oo .o. :o H : ’o‘
os 31.. 00 000 woe0 oo
[ ] ° ° 3 L e o
L] (4 o0 [ [ & s °
L] L4 (.4 (.4 (.4 s ©
e 3 ° L4 [ 4 L4 [
® eco o o9n ee® s

value of 6.5 20 porcent is not considered very accurate as the foils uged
were not very thin. The fission spectrum adopted is reported by Staubdb in
LANS-7¢ and 95. Phe lesd data were based on values given by Olum end Veisskopf
{1AMS=105). The assumed inelestic spectrum, chosen to give a simple fit to

Hanley's biasing experiments (IA~51 snd 1A-57) is represented in Fig. 3 and

Pig. 4.
N
X By ¢ 1.5 Mev E,
394 . xioidE = ci(Eo) =0, (1)
I
Eq 2Eq E
3 K]
Pig. 3
A ‘e /3  f2d/5
: 1{ - . X. =
1 Ey > 1.5 Hev i X348 = ci(II). Xi(E,Eo)d.E 5 7(.163 i1
[2E /3
1T 1 X.o.d8 = o, (1)
,_Eo/3 i3 i
Rl Eo 2Rg E
3 3
Pig. 4

The curves for o;(I) and o,(II) defined in Fig- % and Fig. 4 ere given
in Fig. 5.

It mry be interesting to quote the results for Cp the reflection co-
efficient for a single enorgy E. C}. is the same gurantity neglecting inelaatice

nlly degraded neutrons. Thesoe valuss are plotted in Fig. 6.
Finelly, the theoretical and experimental values of the ratic R (see Eg.

18) for detectors 28 and 25 are listed in Table I. R' the value when inelastic-

ally degraded noutrons are noglanicd e
[ ] 4

()
e o .
.. ° ae 4
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The agroement is satisfactory although the numbers seem to indlicate

that the inelastic contribution has been somewhat oversstimated.
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